Let IF be a hyperbolic Riemann surface with Wiener harmonic boundary T. Let T=a^Jß where a and ß are disjoint compact sets. Denote by 7i(z, p) the Wiener harmonic kernel on WXT and let p be the harmonic measure on T. If y denotes a dividing cycle on W homologous to a, then (fy * dzKiz, p))dpip) is a measure on T which we shall denote by dv. According to Nakai and Sario [6], a normal operator T is a linear operator from C(a) into Ciß) such that
3) f Tfdv = ffdv.
Let 5 denote the covex set of all normal operators from C(oc) into Ciß). Ahlfors conjectured that a normal operator T is extreme if and only if it is induced by a measure preserving transformation
or equivalently carries characteristic functions into characteristic functions [7J. Savage [lO] showed this was false even in the simple case of the annulus i<\z\ <2 with a and ß lying over |z\ = 1 and 2, respectively. Nakai and Sario gave an example where the Ahlfors conjecture is valid. In their example, 5 could be identified with the set of all n by n doubly stochastic matrices. It would be interesting to come up with an example where 5 could be identified with the set of all infinite doubly stochastic matrices. Since in this case the extreme doubly stochastic matrices, which as is well known, are the permutation matrices, carry characteristic functions into characteristic functions, the Ahlfors conjecture would be valid in this case as well. We shall give such an example.
Take a Riemann surface RCOgB -Uñ-iOHB (see [4] ) and remove a disk A, and form the double W of R -Ä about dA. Let a be the
Wiener harmonic boundary of R and ß the symmetric image of a in W. Then disregarding sets of harmonic measure zero as we may, a and ß consist of countably many points. Consequently S can be identified with the set of all infinite doubly stochastic matrices.
2. In the case of the annulus 1< | z\ <2 with a and ß lying over |z| =1 and 2 respectively, we may regard a normal operator as a linear operator on L°°[0, l] which satisfies (1.1), (1.2), and (1.3). As 3). Révész [9] showed (essentially) that every doubly stochastic matrix is an integral over the set of permutation matrices. We shall generalize this result to the set S oí normal operators T regarded as operators on 7>[0, l], l<£^oo. For 1 <p< oo, we shall endow 5 with the weak operator topology, and for p= <x>, we shall endow 5 with the weak* operator topology. where piT, 7"0)(Ex S) =piT, T0)iS)=l.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 3. Let $ denote the set of all TCS such that T is induced by an invertible measure preserving transformation. For 1 <p< », Brown [3] showed that 5 = $. We shall prove the same result for p= 00.
For the proof, we observe that since the continuous functions are dense in L1 [O, l], we may take the/¿'s which appear in the definition of the weak* operator topology to be continuous. Let hkix, y) =fk(x)gkiy) where gk has the same meaning as in §2. Since we can ignore sets of measure zero, we may assume that gk is bounded. Hence given e>0, there exist disjoint measurable sets Xi, ■ ■ ■ , Xn such that [O, l]=\J"=i Xi and the oscillation of each hk on AT.-XAy, i,j = l, ■ ■ ■ , n, is less than e. The remainder of the proof is the same as that given by Brown [3] for the case 1 <p< 00.
4. We shall now take p = 2. As we remarked in §2, S is compact in the weak operator topology. The question naturally arises as to whether S is compact in the uniform operator topology. We shall prove that this is not the case.
Theorem.
5 is not compact in the uniform operator topology.
Proof. Since the strong operator topology is weaker than the weak operator topology, it suffices to prove that 5 is not compact in the strong operator topology. Let f>i denote the set of all TCS such that T is induced by a measure preserving transformation (not necessarily invertible).
If 5 were compact in the strong operator topology, then since 5 is the closed convex hull of 4> in the strong operator topology (see [3] ), it would follow from the converse to the Krein-Milman theorem that the extreme points of 5 would be contained in <£. But 4>=<i>i (see [3] ). Hence every extreme point of S would be induced by a measure preserving transformation.
Since the Ahlfors conjecture is known to be false for the annulus 1< | z| <2, we have reached a contradiction which proves the theorem.
